Abstract. Given a variety X, a normal crossings divisor D ⊂ X, and a finite abelian group scheme G, we relate, in the case of abelian monodromy, the following two:
necessary condition : if such a cover exists, it can be used to produce essentially finite parabolic vector bundles with weights any rational number of denominator r i . Our main result, Theorem 2.8, states essentially that, when G is abelian, this necessary condition is also sufficient. More precisely, if any admissible weight occurs as the weight of an essentially finite parabolic vector bundle with abelian monodromy, then there exists a ramified G-torsor with the exact prescribed ramification.
The main point of the proof consists of introducing a certain algebraic stack called stack of roots, build out of the ramification data. The principal difficulty, worked out in § 3, is to relate ramified G-torsors and (usual) G-torsors on the stack of roots. Although it looks obvious from the definitions, this is by no means a trivial issue : for instance, while we suspect this correspondence holds for G finite and non-abelian, we were unable to prove it. This restriction on the structure group also appears in the closely related work [Mar15] .
Once this is done, the question of the existence of a tamely ramified cover translates into the question of Nori-uniformization of the stack of roots; the latter can be solved thanks to the Tannakian characterization given in our previous work [BB17] . In the background, we also rely on the interpretation of parabolic vector bundles as ordinary vector bundles on the stack of roots ( [Bis97, Bor07] ).
While considering the issue of Nori-uniformization, we are naturally led to use Nori's fundamental group, or rather Nori's fundamental gerbe ([BV15] ). In the Appendix A, we give the following Tannakian interpretation of gerbes with abelian monodromy, which might be of independent interest : Each object has a Tannakian monodromy coming from the base -we call these objects as basic.
Notations and conventions.
We work over an arbitrary field k and denote by S = Spec k the base scheme. Fix a locally noetherian scheme X/S and a finite family D = (D i ) i∈I of reduced, irreducible, distinct Cartier divisors on X. We add to our data a family r = (r i ) i∈I of positive integers. We say that D = i∈I D i is a simple (or strictly) normal crossings divisor D on X if X is regular at each point of D and D is locally defined by a subsystem of a regular system of parameters (see [GM71, Definition 1.8.2]). We don't assume this is the case from the start.
If X is an algebraic stack, we will denote by |X | the associated topological space and by |X | 0 the set of closed points.
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Torsors with prescribed ramification
2.1. Tamely ramified torsors. Given a closed point x of X, we denote by I x the set of i in I such that x belongs to the support of D i . We also set (r x ) i as r i if i ∈ I x and 1 otherwise; this defines a multi-index r x . Definition 2.1. Let x be a closed point of X, and let U = Spec R be an open affine neighbourhood. For each i ∈ I x , let s i ∈ R be a local equation for the Cartier divisor D i . The corresponding Kummer morphism on U with ramification data (D, r) is the morphism
where the algebra is the tensor product over R of R[t i ]/ (t
Notice that Z is naturally endowed with a µ rx -action corresponding to the obvious Z Ix /r xgrading, and that Z −→ Spec R is invariant.
Definition 2.2. Let G/k be a finite abelian group scheme. A tamely ramified G-torsor over X with ramification data (D, r) is the data of a scheme Y endowed with an action of G and a finite and flat G-invariant morphism Y −→ X such that for each closed point x of X, there exists a monomorphism µ rx −→ G defined over an extension k ′ /k such that in a fppf neighbourhood of x in X, the morphism Y −→ X is isomorphic to (Z ⊗ k k ′ ) × µr x G, where Z −→ Spec R is the Kummer morphism with ramification data (D, r) locally defined by the choice of equations of D at x. Remark 2.3.
(1) By 'a fppf neighbourhood of x in X' we mean : there exists a fppf cover
(2) When G = µ r , one recovers the usual notion of uniform cyclic cover (see [AV04] 
with the component-wise partial order, and denote by the same letter the associated category. • the data of a functor E · :
The two pieces of data must satisfy the following compatibility condition: for l ≥ 0, the natural transformation
is compatible with the morphisms E ·+l −→ E · and
One way to analyze parabolic bundles is to look at their local weights, in the following sense.
Definition 2.5. Given a closed point x of D, and l ∈ Z I , we say that a parabolic vector bundle E · on (X, D) with weights 1 r Z I admits l/r as a weight at x if the monomorphism E (l+1)/r x −→ E l/r x is not an isomorphism.
Example 2.6. Any vector bundle E on X can be endowed with a trivial parabolic structure denoted by E · , whose set of weights is Z I at any closed point x of D.
We will be mainly concerned by the full sub-category of essentially finite parabolic vector bundles. Their definition is as follows : first, parabolic vector bundles (with arbitrary weights) form a tensor category denoted by Par(X, D). This enables to define finite parabolic vector bundles as objects of this category satisfying a non trivial tensor relation f (E · ) ≃ g(E · ), where f and g are two distinct polynomials in N[X]. Then, just as in [BV15] , one defines an essentially finite object in Par(X, D) as the kernel of an homomorphism between two finite objects. This notion gives rise to the full sub-category EFPar(X, D) of essentially finite vector bundles. When X is proper, geometrically connected and geometrically reduced, it follows from [BV15, Theorem 7.13] that the category EFPar(X, D) is Tannakian 1 .
As in any Tannakian category (see Appendix A), one can construct a full sub-category by selecting only objects with abelian holonomy gerbe. For convenience of the reader, we spell out the Tannakian formulation explicitly in our situation.
Definition 2.7. Let E · be an essentially finite parabolic sheaf, and denote by π(E · ) its fundamental group within EFPar(X, D) (Definition A.9). We will call that E · as basic if there exists a k-affine group scheme G and an isomorphism π(E) ≃ G × k O X · as group schemes within EFPar(X, D).
When X is proper, geometrically connected and geometrically reduced, we will use the notation EFPar(X, D)
bas for the Tannakian category of essentially finite basic parabolic sheaves. This is just the Tannakian sub-category of objects of EFPar(X, D) with abelian holonomy gerbe (see Appendix A).
2.3. Criterion of existence. This is the main theorem of the paper.
Theorem 2.8. Let X/k be a proper scheme of finite type, endowed with a simple normal crossings divisor D. Assume that X is geometrically connected and geometrically reduced. There exists a finite abelian group scheme G/k and a tamely ramified G-torsor Y −→ X with ramification data (D, r) if and only if for each closed point x of D, and for all l ∈ Z I , such that 0 ≤ l < r x , there exists an object E · in EFPar(X, D)
bas with weights in 1 r Z I , satisfying the condition that E · admits l/r as a weight at x.
The proof is given in Section 3 after collecting some preliminary results.
Remark 2.9.
(1) The "only if" part is straightforward, and we can moreover produce an essentially finite vector bundle E · which depends uniformly in x and l. Namely, it is easy to see that the parabolic bundle associated to O Y via the equivariant-parabolic correspondence (see [Bis97, Bor07] ) verifies the required property. It is thus rather remarkable that the "if" part is true.
(2) We have assumed for simplicity that D is a simple normal crossings divisor. But the theorem should hold with the same proof for a general normal crossings divisor, if on one hand one uses the definition of parabolic sheaves given in [BV12] , and on the other hand one modifies Definition 2.2 so that Proposition 3.5 holds with the refined stack of roots used in [BV12] . (3) It is a natural question to ask if the Theorem still holds if one removes both the condition "abelian" and the exponent "bas". This depends essentially on the answer to Remark 3.6 (1).
3. Stacky interpretation of tamely ramified G-torsors 3.1. Stack of roots. The main tool of the proof of Theorem 2.8 is the stack of roots associated to the data X, (D, r). For completeness, we recall A. Vistoli's definition. Here s D denotes the family of canonical sections. So on r D/X there is, for each i ∈ I, a universal r i -th root (
For convenience, we will denote r D/X by X in the rest of the proof. We will also use the notation π : X −→ X for the morphism to the moduli space. For each i ∈ I, there is a unique effective Cartier divisor
The stacks of roots are locally quotient stacks of Kummer morphisms :
Lemma 3.2. Let U = Spec R ⊂ X an affine open subset and for each i ∈ I, let s i ∈ R a non-zero element giving a local equation of D i . Then there exists a canonical R-isomorphism : Remark 3.3. If x ∈ U, by shrinking U, we can assume that x belongs to all branches meeting U, and then, with the notations of Definition 2.1, we get that
Lemma 3.4. Let x ∈ r D/X be a closed point. Then the residual gerbe G x at x exists, is neutral, and (non canonically) isomorphic to B k(x) µ rx , where k(x) is the field of definition of the image of x in X.
Proof. We use [SP18, Tag 06ML] as a reference for residual gerbes. From Lemma 3.2 and Remark 3.3, we see that x belong to a closed subscheme of r D/X of the form
, and [SP18, Tag 06MT] enables to conclude.
3.2. The equivalence. This is the relation between the stack of roots and tamely ramified torsors.
Proposition 3.5. Let Y be a k-scheme endowed with an action of a finite abelian k-group scheme G and let Y −→ X be a finite, flat, and G-invariant morphism. Then Y −→ X factors through a G-torsor Y −→ X if and only if Y −→ X is a tamely ramified G-torsor with ramification data (D, r).
The proof of Proposition 3.5 will be given in the next two sections.
Remark 3.6.
(1) It seems possible that the Proposition holds for an arbitrary (i.e., possibly nonabelian) finite group scheme G. (2) One deduces from the parabolic-orbifold correspondence (see [Bis97, Bor07] ) that G-torsors on X can be described as tensor exact functors from representations of G to parabolic bundles. It follows from Proposition 3.5 that it also gives another interpretation of tamely ramified G-torsors. This point of view in fact precedes the appearance of stacks of roots, see for instance [BBN01] . (3) If Y is a k-algebraic space, and Y −→ X is a G-torsor, where G is a finite k-group scheme, Y must be a k-scheme (since then Y is finite, hence affine, over X, a k-scheme by assumption).
3.3. From tamely ramified torsors to torsors on the stack of roots. We fix a tamely ramified G-torsor Y −→ X throughout this section, where G is a finite, non necessary abelian, k-group scheme. The ramification data is fixed as well, which defines a stack of roots X.
The proof of Proposition 3.7 will be given after two auxiliary lemmas. We deduce first the following straight-forward consequence of it.
Corollary 3.8. There exists a X-morphism Y −→ X that is a G-torsor, and it is unique up to unique isomorphism. Here is the first result we will need to prove Proposition 3.7.
Lemma 3.10. Let Z −→ Y be a scheme morphism equivariant with respect to a group monomorphism ψ : H −→ G. Then the canonical diagram
is Cartesian.
Proof. Since the diagonal action of H on G × Z is free, the left vertical arrow is a G-torsor, and the result follows.
We will also need the following rigidity lemma.
Lemma 3.11. Let φ be an automorphism of X above X. There exists a unique isomorphism φ ≃ id.
Proof. The data of the automorphism φ amounts to the data, for each i ∈ I, of another universal r i -th root (N
Denote by U = X\D the complement of D, and denote by j :
is an isomorphism when restricted to U, uniqueness of isomorphism φ ≃ id follows.
To show the existence, we note that since φ |U = id, the morphism φ induces an automorphism ψ of the reduced stack D.
, this automorphism preserve topologically the irreducible components, which means that
Remark 3.12. In fact, uniqueness is not needed in the proof of Proposition 3.7.
Proof of Proposition 3.7. We first show that Hom G X (Y, X) −→ X is an epimorphism. Let us thus prove that this morphism has sections in a fppf neighbourhood of x ∈ X. We use notations of Definition 2.2 and Remark 2.3 (1). In particular by Lemma 3.10, we get an
We can assume that U meets only components containing x. Then Remark 3.3 gives and
We conclude the proof by showing that Hom G X (Y, X) −→ X is fully faithful. Since the same argument applies locally, we will prove that there is exactly one (iso)morphism between two global objects q, q
. By composing these isomorphisms, one obtains a 2-commutative diagram :
By Lemma 3.11, one gets a X-isomorphism q ≃ q ′ . So Hom Proposition 3.13. Let G/S be an abelian affine group scheme of finite type, X be a tame stack with good moduli space X and consider two G-torsors Y i −→ X for i ∈ {1, 2}. Assume that for a closed point x ∈ |X| 0 , the restrictions to the residual gerbe
Before proving this proposition, we now conclude the proof of Proposition 3.5. So for a short while, the letter X will again denote a stack of roots. Let Y −→ X be a G-torsor, where X is the stack of roots, G is an abelian finite group scheme, and Y is a scheme. We have to show that fppf locally on X, the morphism Y −→ X to the moduli space is induced by a Kummer cover with ramification data (D, r) along a group monomorphism defined on some extension k ′ /k.
Let x ∈ X be a closed point. Since we can make an arbitrary base change to show the result, we can assume that k(x) = k. In a Zariski neighbourhood of x, we can write X ≃ [Z/H], where H = µ rx , and Z −→ X is a H-Kummer cover, with ramification data (D, r) (see Remark 3.3). This implies that G x ≃ B k(x) H = B H, and that the monomorphism i : B H −→ X is a section of Z : X −→ B H. Now, after enlarging k again, we can assume that the composition B H −→ X Y − → B G comes from a group morphism H −→ G, that must be a monomorphism, since we assume that Y is a scheme (hence Y as a morphism X −→ B G is representable, and so is B H −→ B G).
We can finish the proof by considering the two G-torsors on X given by Y 1 = Y and
Proof of Proposition 3.13. Since G is abelian, the sheaf Isom G (Y 1 , Y 2 ) on X is a G-torsor and the following proposition allows to conclude.
Proposition 3.14. Let G/S be a group scheme of finite type, X be a tame stack with moduli space X and let Y −→ X be a G-torsor. Assume that for a closed point x ∈ |X| 0 , the restriction Y |Gx −→ G x is trivial. Then there exists a fppf neighbourhood
We again postpone the proof of this last proposition, and first state an auxiliary result.
Lemma 3.15. Let X be a tame stack, E a locally free sheaf of finite rank on X. Assume that for a closed point x ∈ |X| 0 , the restriction E |Gx is trivial. Then there exists an open substack U ⊂ X such that x ∈ |U| 0 and for all x ′ ∈ |U| 0 , the restriction E |G x ′ is trivial.
Proof. First notice that for any x ′ ∈ |X| 0 , E |G x ′ is trivial if and only if the natural morphism π * π * E −→ E is an epimorphism at x ′ . Namely, the only if direction is showed in [Alp13, Proof of Theorem 10.3], and the if direction follows from the fact that (π * π * E) |G x ′ is trivial, and for any gerbe the subcategory of finite direct sums of the trivial representation is stable by quotient. Now, since E is of finite type, the locus where π * π * E −→ E is an epimorphism is open, which concludes the proof.
We finally prove Proposition 3.14 by using the standard Tannakian interpretation of torsors as tensor functors.
Proof of Proposition 3.14. Denote by F Y : Rep k G −→ Vect X the tensor functor associated to the G-torsor Y −→ X. If V ∈ Rep k G, we also write E V for F Y (V ). By hypothesis, the composite tensor functor
Since G/S is of finite type, the Tannakian category Rep k G admits a tensor generator W . By Lemma 3.15, there exists an open substack U −→ X containing x such that for all x ′ ∈ |U| 0 , the vector bundle (E W ) |G x ′ is trivial. Since each F Y |G x ′ is tensor and exact, it follows that for all x ′ ∈ |U| 0 , and all representations V ∈ Rep k G, the vector bundle (E V ) |G x ′ is trivial.
As Zariski spaces we have |X| = |X|, so all what remains to be proved is the following. Let Y −→ X be a G-torsor such that for all x ∈ |X| 0 , and all representations V ∈ Rep k G, the vector bundle (E V ) |Gx is trivial. Then there exists a fppf cover X ′ −→ X such that Y X ′ −→ X X ′ is trivial. Let Vect(X) triv the full sub-category of Vect(X) consisting of objects E such that for all x ∈ |X| 0 , the vector bundle E |Gx is trivial. This is clearly a tensor sub-category. According to [Alp13, Theorem 10.3], the functor π * induces an equivalence Vect(X) −→ Vect(X) triv , with inverse equivalence π * . This last functor is exact since X is tame. Since π * is a (strong) tensor functor, π * is endowed with a (weak) tensor structure, that is strong because π * is an equivalence. By hypothesis, the functor F Y factors through Vect(X) triv , hence the functor π * • F Y : Rep k G −→ Vect X is well defined, tensor, and exact. But this precisely means that the G-torsor Y −→ X descends along π : X −→ X.
3.5.
A criterion to be ab-uniformizable. It follows from Proposition 3.5 that the first statement of Theorem 2.8 exactly means that X is ab-uniformizable, in the following sense.
Definition 3.16. An algebraic stack X is ab-uniformizable if there exists a G-torsor Y −→ X, where Y is a k-algebraic space, and G is an abelian finite k-group scheme.
Remark 3.17. If X is a stack of roots over a k-scheme, Remark 3.6 (3) shows that X is ab-uniformizable if and only if there exists a G-torsor Y −→ X, where Y is a k-scheme, and G is an abelian finite k-group scheme.
We will need the following "abelian" variant of the main result of [BB17] . Recall from [BV15] that an algebraic stack X/k is called inflexible if it admits a fundamental gerbe.
Proposition 3.18. Let X/k be an inflexible proper stack of finite type and with finite inertia. Then X is ab-uniformizable if and only if for any closed point x, any representation V of G x is a subquotient of the restriction of a basic essentially finite vector bundle on X along G x −→ X.
We first state and prove an auxiliary lemma, that was suggested to us by the referee, and generalizes the proof of [BB17, Proposition 9]. The reader can find the precise definition of a projective system of affine gerbes in [BV15, Definition 3.3].
Lemma 3.19. Let X be a quasi-compact algebraic stack over k with finite inertia, I a cofiltered 2-category, Π = lim ← −i∈I Π i a projective limit of affine gerbes over k, and X −→ Π a morphism. Then X −→ Π is faithful if and only if there exists an object i of I such that X −→ Π i is faithful.
Proof. The 'if' condition is clear, let us show the 'only if' one.
Let I X/Π i = ker I X −→ (I Π i ) |X be the relative inertia stack. The morphism X −→ Π i is faithful if and only if I X/Π i is trivial as a group scheme over X ([BB17, Proposition 15]). Since I X/Π i is a finite group scheme over X, we can write I X/Π i = Spec A i , where A i is a quasi-coherent sheaf of algebras, that is finitely generated as a sheaf of O X -modules. The structural morphism O X −→ A i is injective (since it admits a retraction corresponding to the unit section of I X/Π i ). Hence the locus U i where I X/Π i is trivial is the zero-locus of A i /O X , which is open.
Because we assume that X −→ Π is faithful, we have that I X/Π is trivial, which implies that lim − →i∈I A i /O X = 0. Since for any arrow j −→ i in I, we have that I X/Π j is a closed subscheme of I X/Π i , the corresponding morphism A i /O X −→ A j /O X is an epimorphism. Now if x is any point of X, as I is cofiltered, and each A i is of finite type, the fact lim − →i∈I A i /O X is trivial at x implies that there exists i in I such that A i /O X is trivial at x. Hence ∪ i∈I U i = X. Since X is quasi-compact and I is cofiltered, there exists i in I such that U i = X. 
Proof of Theorem 2.8
As already noticed, the first statement of theorem exactly means that X is ab-uniformizable. We will now proceed to show that the second statement is equivalent.
In view of the assumptions we made on the scheme X, the stack X is geometrically con- To proceed further, we must describe the residual gerbe G x at a closed point x. According to Lemma 3.4, this gerbe is canonically banded by µ rx (since the band is abelian, this just means that there is a canonical isomorphism I Gx ≃ (µ rx ) Gx ). It is moreover neutral, but it is not canonically neutralized (in other words, there is no canonical choice of a section of the residual gerbe). So we will avoid choosing a specific section of G x , and just use the fact that the category Vect G x is semi-simple and that any object is a direct sum of N ⊗l |Gx , for 0 ≤ l < r x . From this we deduce that X is ab-uniformizable if and only if for any closed point x, and for any 0 ≤ l < r x , there exists an essentially finite basic vector bundle F on X such that Hom Gx (F |Gx , N ⊗l |Gx ) = {0}. So the only thing that remains to be done is to show that, if E · is the parabolic sheaf associated to F via the correspondence, and x is a closed point in the support of D, then for any 0 ≤ l < r x , we have Hom Gx (F |Gx N ⊗l |Gx ) = {0} if and only if E · admits l/r as a weight at x. Consider D −→ D the gerbe of r-th roots of O(D) |D , or equivalently, the reduced substack associated to X |D . It fits into the following commutative diagram
where only the left hand square is Cartesian. By base change, which holds because D −→ D is a gerbe banded by a linearly reductive group, we get :
But from the exact sequence
we deduce by exactness of π * the exact sequence
hence our claim, and the theorem follows.
Appendix A. Basic objects in Tannakian categories
A.1. Abelianization of affine group schemes. We follow partly the exposition given in [Wat79, Chapter 10]. Let k be a field and G/k an affine group scheme. Denote by H its Hopf algebra. The commutator morphism G 2n −→ G sending (x 1 , y 1 , · · · , x n , y n ) to [x 1 , y 1 ] · · · [x n , y n ] corresponds to a ring morphism H −→ H ⊗2n whose kernel will be denoted by I n .
Definition A.1. The derived subgroup D(G) of G is the closed normal subgroup defined by the ideal ∩ n∈N * I n .
To check that D(G) is a normal subgroup is straightforward. Thus, by Chevalley's theorem, the sheaf G/D(G) is representable by an affine group scheme. Moreover, it is also easy to verify that G/D(G) is abelian and that the morphism G −→ G/D(G) is universal among morphisms from G to abelian affine group schemes over k.
We will need the fact that the formation of D(G) commutes with base change, in the following sense.
Lemma A.2. If A/k is a k-algebra, then as ideals of H ⊗ k A :
Proof. The inclusion from left to right is obvious, and it is enough to consider a basis of A/k to show the opposite inclusion.
A.2. Abelian gerbes. Let k be a field, we denote as usual S = Spec k. Following [BV15,  §3], we will use affine gerbe for an affine fpqc gerbe with an affine chart, and an affine diagonal. These gerbes are called Tannakian in [SR72] .
Definition A.3. The affine gerbe G/k will be called abelian if there is an extension k ′ /k, and an object ξ of G(k ′ ) such that Aut k ′ (ξ) is abelian.
Since a form of an abelian group is abelian, if this holds for one object, this is true for all objects. Let us reformulate this canonically.
Let I G = G × G× S G G be the inertia stack of G. The gerbe G is abelian if and only if I G , as a group scheme over G, is abelian.
Proposition A.4. Let φ : G −→ S be the structural morphism. The gerbe G/k is abelian if and only if its inertia stack descends along φ as a group scheme to S = Spec k.
The last assertion means that there exists a k-affine group scheme G and an isomorphism G × S G ≃ I G of group schemes over G. We don't assume a priori that G is abelian.
Proof. For the "only if " part: it is straightforward to check, more generally, that the center Z(I G ) of the inertia stack always descends along φ : G −→ S. Indeed, if ξ and ν are two objects of G(S), h : ξ −→ ξ is in Z(Aut(ξ)), and v : ν −→ ξ is an isomorphism, then v −1 hv : ν −→ ν is in Z(Aut(ν)) and is independent of v. Since such a v exists locally, we get a canonical isomorphism Z(Aut(ξ)) ≃ Z(Aut(ν)). For the "if" part: assume that I G descends along φ : G −→ S into a k-group scheme G. Thus for any extension k ′ /k and any object
This implies that the conjugacy action of Aut k ′ (x ′ ) on itself is trivial, hence the result.
A.3. Abelianization of affine gerbes. Let G/k be an affine gerbe. Since the inertia stack I G is defined over G, and not over a field, some descent argument is needed to show that the derived subgroup D(I G ) makes sense.
We proceed as follows : let k ′ /k be an extension, and ξ an object of G(k ′ ). Denote 
Proof. Let γ the canonical isomorphism γ : pr * 1 x ≃ pr * 2 x on R. Then φ identifies with the morphism of conjugation by γ :
In particular, φ is a group morphism, hence φ commutes with the two pullbacks of the commutator map pr * i (G ′2n −→ G ′ ) for i = 1, 2, in the obvious sense.
Let H ′ be the Hopf algebra of G ′ , let A = O R (R), endowed with the two ring morphisms i 1 , i 2 : k ′ −→ A corresponding respectively to the two projections pr 1 , pr 2 : R −→ U. Then φ translates into a ring morphism φ # :
Since, as we have just seen, φ is compatible with the commutators maps, the morphism φ # sends
Thus the subgroup D(I G ) makes sense, and the same Lemma A.2 shows that it is independent of the choice of the element ξ in G(k ′ ). The abelianization of G will be the rigidification G D(I G ).
More generally, if X is any stack over S, and G < I X is a subgroup of its inertia group, we say that a stack morphism X −→ Y is trivial on G if the composite morphism of X-group schemes G −→ I X −→ X × Y I Y is trivial. Naturally, a rigidification along G is a morphism X −→ X G trivial on G and universal for this property.
Usually, rigidification of fppf stacks is conducted in two steps : one first mod out the morphisms by G, and then stackify the resulting prestack (see for instance [AOV08, Appendix A] for algebraic stacks). In our situation, more care is needed : we are forced to consider the fpqc topology for the needs of Tannaka theory, or simply because our gerbes may not be of finite type, but on the other hand stackification (even sheafification) is well-known to involve set-theoretic issues with this topology. But there is a workaround : one can work explicitly with groupoids, since these admit an explicit stackification process via torsors. Proposition A.6. Let G/S be an affine gerbe. Then the rigidification G −→ G D(I G ) exists, and is an universal morphism to an affine abelian gerbe.
Remark A.7.
(1) The existence of the abelianization of an affine gerbe follows from the general machinery developed in [BV16] , but since this is not really required, we prefer to work it out explicitly. An even more direct approach is given in [TZ17] Definition B.9 (for the largest pro-étale and pro-local quotient of an affine gerbe, by this works with the largest abelian quotient as well). However, it relies heavily on Tannaka duality.
(2) To keep notations compact, we will write G ab for G D(I G ).
Proof of Proposition A.6. We switch to the point of view of (non empty, transitive) groupoids : let k ′ /k be an extension, and ξ an object of G(k ′ ). As before, we denote U = Spec k ′ , R = U × G U. We can recover G as the stack of R ⇒ U-torsors (see [Bre94, Proposition 2.12]). Let
From this presentation, it is easy to check that the composition law of R descends to R, in other words we get in new groupoid R ⇒ U. It is clear that it is again non empty and transitive, so that the stack of R ⇒ U-torsors is a gerbe, that we will of course denote by G D(I G ). The fact that G D(I G ) is abelian and satisfies the required universal property is clear by construction. The only thing that remains to be checked is that G D(I G ) is an affine gerbe. From the fact that left and right actions on R commute, we get that
is affine by Chevalley's theorem, and U × k U is affine as well, wet get that R is affine, so G D(I G ) is an affine gerbe.
A.4. Basic Tannakian categories. It turns out that Proposition A.4 enables to give a Tannakian characterization of Tannakian categories whose holonomy gerbe is abelian.
To find a substitute for the inertia stack, we have to follow Deligne's idea (see [Del89, §5] ) that you can do algebraic geometry within any Tannakian category. The only definition we will need, in fact, is the following.
Definition A.8. An affine group scheme π within a Tannakian category C is (the spectrum of) an ind Hopf algebra in C.
It is clear that this definition is functorial in C in the obvious sense: if F : C −→ C ′ is a symmetric tensor functor between Tannakian categories, and π is an affine group scheme in C, then C ′ = F (C) is an affine group scheme in C ′ . The main example is the following.
Definition A.9 ([Del89], §6). The fundamental group π(C) of a Tannakian category C is the affine group scheme in C verifying for any fiber functor ω : C −→ Vect k ′ over an arbitrary extension k ′ /k: ω(π(C)) ≃ Aut ⊗ (ω) in a functorial way.
In others words, ω(π(C)) is the fundamental group of C based at ω.
Proposition A.10. Let C be a Tannakian category, and G the gerbe of its fiber functors.
(1) There is a natural equivalence between affine group schemes within C and affine group schemes over G. (2) Under this equivalence, the fundamental group π(C) is sent to the inertia stack I G .
Proof.
(1) See [Del89, §5.8] for the neutral case. In the non neutral situation, to choose an affine group scheme over G amounts to choose a quasi-coherent Hopf algebra A over G. But any quasi-coherent sheaf over G is locally free (because this is true in any chart Vect k ′ −→ G). So the data of A boils down to the data of an Hopf algebra in the category of ind objects Ind C.
(2) By definition
By Tannaka duality and the equivalence of the first point, this translates in Aut ⊗ C (C id − → C), which clearly has the universal property required by Definition A.9.
Definition A.11. Let C be a Tannakian category, and 1 its neutral object. The structure morphism of C is the functor · ⊗ k 1 : Vect k −→ C given by V −→ V ⊗ k 1.
One can now translate Proposition A.4: Definition A.12. A Tannakian category C is called basic if there exists an affine group scheme G over k such that G ⊗ k 1 ≃ π(C) as affine group schemes within C.
Proposition A.13. Let C be a Tannakian category, and G the gerbe of its fiber functors. Then C is basic if and only if G is abelian.
Proof. This follows from the definitions, Proposition A.4 and Proposition A.10.
A.5. Basic objects. Let C be a Tannakian category, and X ∈ Ob C. We denote by C X =< X > the sub-Tannakian category generated by X and by π(X) its fundamental group in C. Definition A.14. The object X of the Tannakian category C is basic if there exists an affine group scheme G over k such that G ⊗ k 1 ≃ π(X) as affine group schemes within C.
We will write G X for the holonomy gerbe of X (that is, for the fundamental gerbe of C X ).
Proposition A.15. Let C be a Tannakian category, and X ∈ Ob C. Then X is basic if and only if G X is abelian.
Proof. This follows from Proposition A.13 applied to the holonomy gerbe C X . Proposition A.16. Let C be a Tannakian category. Then the full sub-category C bas of its basic objects is Tannakian and basic. Moreover any rigid tensor functor D −→ C from a basic Tannakian category D factors uniquely through C bas .
Proof. This a translation of Proposition A.6 via the Tannaka correspondence.
